We display a symmetric monoidal equivalence between the stable ∞-category of filtered spectra, and quasi-coherent sheaves on A 1 /G m , the quotient in the setting of spectral algebraic geometry, of the flat affine line by the canonical action of the flat multiplicative group scheme. Via a Tannaka duality argument, we identify the underlying spectrum and associated graded functors with pull-backs of quasi-coherent sheaves along certain morphisms of stacks.
Introduction
The idea of viewing filtered vector spaces as quasi-coherent sheaves on the stack A 1 /G m goes back to Carlos Simpson in his work on non-abelian Hodge theory [Sim90] . Since then, this paradigm has been used to great effect in exhibiting naturally occuring filtrations on e.g. the category of D X -modules over a scheme in characteristic zero (see for example [BZN12] ).
In this note, we observe that this identification takes on a particularly neat form in the setting of spectral algebraic geometry over the sphere spectrum, where one takes the basic affine objects to be E ∞ -ring spectra in place of ordinary "discrete" commutative rings. Gluing these together one obtains spectral schemes; more general homotopy colimit constructions give rise to stacks in this setting. To an arbitrary spectral stack X, one can associate a theory of quasi-coherent sheaves on X. Our main theorem is the following identification of filtered spectra with quasi-coherent sheaves on the spectral stack A 1 /G m : Theorem 1.1. There is an equivalence
of symmetric monoidal stable ∞-categories.
Let us explain the notation on the right hand side of this equivalence. Given an ∞-category C, one may define the ∞-category of filtered objects of C as the functor category Rep(Z; C) := Fun((Z, ≤) op , C).
Here, Z is viewed as a partially ordered set and therefore a category with morphisms [n] → [m] when n ≤ m. When C = Sp, the stable ∞-category of spectra, one obtains the notion of a filtered spectrum; we henceforth use the notation Rep(Z) to denote the ∞-category of filtered spectra. We prove the following corollary:
Corollary 1.2. Let X be a spectral stack that admits a map X → A 1 /G m . Then there is a natural filtration on the cohomology Γ(X, O) of X.
The existence of a filtration on a spectrum is of computational value; as is well known (see e.g. [Lur16a, Section 1.2.2]) this gives rise to a spectral sequence computing its homotopy groups. Corollary 1.2 gives a method of producing natural filtrations on various spectra of algebro-geometric origin. For an example of this approach, see [MRT19] where, for X a derived scheme over the plocal integers, the authors exhibit the derived mapping stack Map(S 1 , X) as the underlying object of a filtered stack; this induces the HKR filtration on HH(X), the Hoschchild homology of X.
Conventions and Notation. We work with ∞-categories throughout, following conventions in [Lur09, Lur16a] . We repeatedly use the notation S[X] to denote the suspension spectrum of a space X. We also occasionally make use of the notation Pre(C) and Pre Sp (C) to denote the ∞-category of presheaves and spectrum-valued presheaves on C. We use CAlg(C) := Alg E∞ (C). to denote E ∞ -algebra objects in a symmetric monoidal ∞-category C ⊗ .
2 The geometric stack
We recall the main players of the story in greater depth. In the setting of spectral algebraic geometry over Spec(S), and in fact over any E ∞ -ring R, there exist two notions of "affine line". They are only equivalent rationally, i.e. over Spec(Q). Here we will focus our attention on the "flat" affine line, which is defined as the spectral affine scheme Spec(S[N]), where
This has the property that it pulls back, via the map SpecZ → SpecS to the ordinary (derived) affine line over the integers. 
we define A 1 /G m to be the quotient (in the ∞-category Shv f pqc (CAlg cn ) ⊂ Fun(CAlg cn , S) of fpqc sheaves on CAlg cn , see [Lur16b, Appendix B] ) with respect to this action.
Remark 2.1. The stack A 1 /G m is not a spectral Deligne-Mumford stack; however it is geometric in the sense of [Lur16b, Section 9.3]. For the purposes of this note, a geometric stack X can be thought of as the geometric realization X = |X • | of a simplicial object X • in the ∞-category Shv f pqc (CAlg cn ) ⊂ Fun(CAlg cn , S) of sheaves in the fpqc topology on CAlg cn , where X 0 is affine and d 0 : X 1 → X 0 is a representable, affine, faithfully flat map.
The ∞-category of quasi-coherent sheaves QCoh(X) is particularly well behaved for a geometric stack X (such as the ones we will be dealing with). The following proposition collects several of the properties of QCoh(X) which we will make use of. The relentless reader may find more details in [Lur16b, Section 9. 3. There exists a left and right complete t-structure (QCoh(X) ≥0 , QCoh(X) ≤0 ) on QCoh(X), which is moreover compatible with the symmetric monoidal structure on QCoh(X).
Remark 2.3. These properties essentially follow from the fact that there exists a faithfully flat morphism f : X 0 → X where X 0 = Spec(A) for A an E ∞ ring. Let X • denote the Cech nerve of f . Then QCoh(X) may be defined as the totalization of the cosimplicial diagram of presentable, stable ∞-categories QCoh(X • ).
Filtered and Graded Spectra
In this section we give a quick overview of graded and filtered spectra. Much of this can be found in [Lur14] .
Definition 3.1. Let C be a ∞-category; let Z ds denote the integers viewed as a discrete space; we let Fun(Z ds , C) be the ∞-category of graded objects of C; in particular we set
to be the stable ∞-category of graded spectra.
Definition 3.2. Let (Z, ≤) be the integers viwed as an ∞-category via its partial ordereding, and let C denote an arbitrary ∞-category. Then the ∞-category of filtered objects of C is denoted by Fun((Z, ≤) op , C); in particular we set
to be the ∞-category of filtered spectra.
An object in Rep(Z) is given by a sequence of spectra X n with maps
As there is an inclusion of simplicial sets Z ֒→ (Z, ≤), there exists an induced resriction functor Res : Rep(Z) → Rep(Z ds ), which forgets the structure maps of the filtration. This has a left adjoint, I : Rep(Z ds ) → Rep(Z) which sends a functor Z ds → Sp to its Kan extension along Z ds ֒→ Z.
Remark 3.3. Via the symmetric monoidal structures of Sp, Z ds and (Z, ≤)-the latter two arising from the abelian group structure on Z-one endows Rep(Z ds ) and Rep(Z) with a symmetric monoidal structure arising from Day convolution.
Remark 3.4. Rep(Z) is monadic over Rep(Z). Let S f denotes the unit filtered spectrum, its underlying graded spectrum S[t] := Res(S f ) is given by
This will be an E ∞ -algebra as it is the image of the unit of Rep(Z) under the lax symmetric monoidal functor Res. By [Lur14, Proposition 3.1.6] there is a symmetric monoidal equivalence
Construction 3.5. Fix i; for (X n ) a filtered object, we let gr(X) i = cofib(X i+1 → X i−1 ). These assemble for all i ∈ Z, to form a functor
this is commonly referred to as the associated graded of the filtered spectrum (X n ).
Let A denote the filtered spectrum which is S concentrated in weight 0, and 0 everywhere else. This is an E ∞ -algebra object in Rep(Z). As it turns out, Rep(Z ds ) is itself monadic over Rep(Z) and by [Lur14, Proposition 3.2.7] is given by Rep(Z ds ) ≃ Mod A (Rep(Z ds )).
Quasi-coherent sheaves on BG m
Here we begin a detailed study of the category of quasi-coherent sheavs on the spectral geometric stack BG m . Again,
Our goal is to prove the following identification with graded spectra:
There is an equivalence of stable symmetric monoidal ∞-categories:
A similar result, over Spec(Z) appears in [Spi10, Section 10]. We first describe the functor which realizes the above equivalence. Let π : Z → pt be the terminal morphism in S. As described in [ABG11] there is an induced functor π * : Sp → Pre Sp (Z) = Rep(Z ds ). This functor has the usual global sections right adjoint π * but it also comes equipped with a left adjoint functor π ! : Pre Sp (Z) → Sp. This is op-lax monoidal with respect to the pointwise symmetric monoidal structure on Pre Sp (Z) but it is symmetric monoidal with respect to the Day convolution product.
Proposition 4.2. The functor π ! is comonadic; in particular there is an induced equivalence
Remark 4.3. The argument applies more generally; for M an arbitrary abelian group, there will be an equivalence
between comodules over S[M ], and local systemts of spectra on the abelian group M viewed as a discrete space.
The proof of this proposition boils down to an application of the following comonadic form of the Barr-Beck theorem which we reproduce here for the reader's convenience. 2. Given an F -split cosimplicial object X • in C, the diagram X • splits in C, and so admits a limit which will be preserved by F .
Proof of Proposition 4.2.
Since π ! is op-lax monoidal with respect to the pointwise symmetric monoidal structure on Pre Sp (Z), it sends comodules over the constant spectrum (the unit w/r/t this symmetric monoidal structure) to comodules
We first show that π ! is conservative. As we are dealing with a functor of stable ∞-categories, it is enough to show that if π ! (X) = ⊕ n∈Z X(n) ≃ 0, then X ≃ 0. Note that every X(n) will be a retract of the direct sum; indeed the following composition gives the identity:
Now if ⊕ n∈Z X(n) ≃ 0, this would then imply that every X(i) ≃ 0, which allows us to conclude that the graded spectrum X ≃ 0. Next, we show that every π ! -split cosimplicial object in Rep(Z ds ) splits and, so, becomes a limit diagram. Let X • be such an object. As an object in Pr L,st , the ∞-category of presentable stable ∞-categories, there is an equivalence
hence specifying the cosimplicial object X • is equivalent to specifying a cosimplicial object X • (i) : ∆ → Sp for each integer value i. It will be enough to show that each X • (i) splits. We remark further that each X • (i) will be a retract of X • ; composing with π ! , one obtains each
is canonically (co)augmented by the limit. We now appeal to [Lur16a, Corollary 4.7.2.13] which states that for an ∞-category C, the subcategory X of augmented cosimplicial objects Fun(∆, C) that extend to split augmented cosimplicial objects is closed under taking retracts in the ∞-category Fun(∆, C); moreover they remain retracts in the ∞-category of split augmented cosimplicial objects.
Hence each π ! X • (i) splits as a cosimplicial object in Sp and is a limit diagram. Of course, as this is true for all i, we can take the product to obtain a split augmented cosimplicial object X • ∈ Fun(∆, Rep(Z ds )) extending X • . It follows that π ! is comonadic, and so we may conclude that
We now prove the theorem. Recall that BG m is geometric; as such it has an atlas, in this case given by the faithfully flat map e : Spec(S) → BG m , and we can define QCoh(BG m ) as the totalization of the following cosimplicial diagram of ∞-categories: 
is right adjointable. Then, the canonical map θ : C → lim n ∈∆ C n is an equivalence.
Indeed, π ! is comonadic and moreover, all the coface maps are right adjointable (this is a consequence of the geometricity of BG m ), so that by the proposition, Rep(Z) ≃ lim Mod S[Z + ] • ≃ QCoh(BG m ). As all the relevant structure maps in this limit diagram are in fact symmetric monoidal, and as π ! is itself symmetric monoidal, we can promote this to an equivalence of symmetric monoidal ∞-categories.
Proof of main theorem
We now conclude the proof that QCoh(A 1 /G m ) ≃ Rep(Z). We first describe the strategy. Recall from [Lur14] that the ∞-category of filtered spectra is monadic over graded spectra. Indeed, there exists an E ∞ -algebra S[t] ∈ Rep(Z ds ) for which
Similarly, QCoh(A 1 /G m ) is monadic over QCoh(BG m ); there is a symmetric monoidal equivalence
Note that this is not true for an arbitrary map of stacks; in this case it follows from the fact that φ : A 1 /G m → BG m is a quasi-affine representable map ([Lur16b, Section 9.2.1]). We see this by pulling back the map via the cover Spec(S) → BG m , which gives the affine morphism A 1 → Spec(S). In order to furnish the desired equivalence, it will be enough to identify φ * O A 1 /Gm with π ! S[t] as graded E ∞ -algebras, equivalently by Proposition 4.2, as comodules over S [Z] .
We recall the fact that the quotient map p ′ : A 1 → A 1 /G m is an atlas for A 1 /G m , making it into a geometric stack. Indeed, we have the following cartesian square of stacks where the horizontal maps are atlases
The induced diagram on ∞-categories of quasi-coherent sheaves
is right-adjointable, by [Lur16b, Proposition 6.3.4.1] so that the following Beck-Chevalley transformation 
The dual co-action map
is, by definition, the suspension of the map of E ∞ -spaces N → N × Z given by
This is precisely the comodule structure map on π ! S[t] described above. Hence, the above equivalence f * φ * O A 1 /Gm ≃ Σ ∞ N + may be promoted to an equivalence of S[Z]-comodules. We have proven the following:
Proof of Theorem 1.1. By Theorem 4.1,there is a symmetric monoidal equivalence
We have seen that this equivalence sends S[t] to the push-forward quasi-coherent sheaf φ * (O A 1 /Gm ). Hence there is an equivalence
Remark 5.2. The above argument is valid if we replace the sphere with any E ∞ ring spectrum R.
In particular, if R = Z we recover the integral statement.
Generic and closed points
In this section, we show that we can interpret the underlying spectrum and associated graded functors as pullback via the generic and closed points respectively.
Proposition 6.1. There exists a map of stacks 1 : Spec(S) → A 1 /G m which, upon taking pullback, recovers the functor U : Rep(Z) → Sp, which associates to a filtrated spetrum, its underlying object. We refer to this as the generic point of A 1 /G m .
Proof. The proof is an application of a form of Tannaka duality as appears in [Lur16b] . Let U : Rep(Z) → Sp, be the underlying spectrum functor. As a functor out of QCoh(A 1 /G m ) it is symmetric monoidal, and sends connective objects to connective objects in Sp. Here we use the t-structure on QCoh(A 1 /G m ) arising from the fact that it is a geometric stack and the connective objects F ∈ QCoh(A 1 /G m ) cn are those which pullback to connective objects along the faithfully-flat cover A 1 → A 1 /G m . By the considerations of the previous section, we may interpret this functor as the composition
which sends a filtered spectrum viewed as a a S[t]-module in graded spectra to its underlying Σ ∞ + N module in spectra. Hence, a filtered spectrum {... → F i → F i−1 } will be connective if and only if this spectrum ⊕ i∈Z F i is connective, which in turn holds only if each filtered piece F i is connective. Since each F i is now assumed to be connective, and since connective objects are closed under colimits, we conclude that U ({F i }) = colim(... → We refer to this as the closed point.
Proof. This will be another application of Tannaka duality. Recall that gr :
Hence we may identify the gr(−) functor with tensoring by A ∈ Rep(Z) ≃ QCoh(A 1 /G m ). As a filtered object, this is the sphere spectrum S concentrated in weight zero, with all structure maps being trivial. Upon pulling back to the cosimplicial diagram of categories corresponding to the faithfully flat cover A 1 → A 1 /G m , we conclude that A (or rather the object in QCoh(A 1 /G m ) corresponding to A) is a connective object with respect to the t-structure on QCoh(A 1 /G m ). Hence, tensoring by A sends connective objects of Rep(Z) ≃ QCoh(A 1 /G m ) to connective objects of Mod A (Rep(Z)) ≃ QCoh(BG m ). As this functor is clearly symmetric monoidal and preserves small colimits, it satisfies the requirements of [Lur16b, Proposition 9.5.4.1] and is therefore induced by a map of stacks 0 : 
Filtrations on cohomology
Let X ∈ Pre(CAlg cn ) be a spectral stack admitting a map X → A 1 /G m . As this gives rise to a QCoh(A 1 /G m ) action on QCoh(X), we may consider QCoh(X) as a locally filtered stable ∞-category, in the sense of [Lur14] . We review quickly what this means.
Definition 7.1. Let C be a stable ∞-category. Then a local filtration on C corresponds to a left action Rep(Z) ⊗ C → C. Hence it is an object in Mod Rep(Z) (Pr L,st ). Remark 7.2. As described in [Lur14] , one may think of a local filtration on a stable ∞-category C as additional data allowing us to view the objects as equipped with filtrations; roughly this corresponds to shift functors X → X(n) together with natural maps X(n) → X(m) together with associated higher coherence data.
In favorable situations, this can be refined a bit further: a map of stacks X → A 1 /G m gives rise precisely to a filtration on the E ∞ -algebra of global sections RΓ(X, O X ) of the underlying stack X := SpecS × A 1 /Gm X Proposition 7.3. Let f : X be a geometric stack admitting a map to f : X → A 1 /G m . Assume further that one of the two conditions hold:
• X is a spectral scheme
• The morphism f is cohomologically of finite dimension in the sense that for every connective E ∞ -ring R, and every R-point η : SpecR → A 1 /G m , the fiber product X × A 1 /Gm SpecR is of finite cohomological dimension over SpecR; namely, the global sections functor sends
Then, the global sections RΓ(X, O X ) of the underlying stack X comes equipped with a natural filtration.
Proof. Let f : X → A 1 /G m be a filtered stack satisfying one of the above criteria. By [Lur16b, Proposition 9.1.5.7], the diagram of stable ∞-categories
is right adjointable, and so, the Beck-Chevalley natural transformation of functors g * f * ≃ f ′ * g ′ * : QCoh(X) → Sp is an equivalence. Hence,
Note that f * O X is an object in QCoh(A 1 /G m ), hence a filtered spectrum, with g * f * O X the underlying spectrum.
Remarks on t-structures
We end this note with a couple of observations about the various t-structures on filtered spectra.
In the previous section we made use of the natural t-structure defined on QCoh(A 1 /G m ) via its faithfully flat cover A 1 → A 1 /G m . This is different from the Belinson t-structure (as studied in for example [Bei87, BMS19] ). Indeed this discrepancy can be viewed at the level of graded spectra, i.e on Rep(Z ds ) ≃ QCoh(BG m ). On QCoh(BG m ) we have the following description of the connective part of the geometrically defined t-structure: F ∈ QCoh(BG m ) ≥0 if and only if p * (F) ∈ Sp ≥0 , where p : SpecS → BG m is the faithfully flat cover of BG m . One may identify this pullback with the functor that assigns the underlying spectrum of a graded spectrum (the direct sum over all of its graded pieces); we see that F will be connective only when F(n) ∈ Sp ≥0 for all n. However, there exists a different t-structure on QCoh(BG m ), namely F ∈ QCoh(BG m ) ≥0 whenever F(n) ∈ Sp ≥−n , i.e. whenever, each projection
is t-exact with respect to the shifted t-structure (Sp ≥n , Sp ≤n ). It is this t-structure which, via the associated graded functor gr : Rep(Z) → Rep(Z ds ), uniquely determines the Beilinson t-structure on filtered spectra.
